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INTRODUCTION 

Consider a sequence of knots of increasing crossing number, where crossing number 
of a knot stands for the least number of crossings it takes to draw a diagram of the 
corresponding knot. Does it make sense to discuss the limit of such a sequence? It does, 
to a certain extent. Assume there is a knot invariant, say /, which takes on values in 
a complete metric space, call it M. Define two knots to be related if and only if they 
have the same /-invariant. Let be the set of the equivalence classes of the knots 
under this (equivalence) relation. There is then an /~ map from J€^f to M which is 
obviously injective. Hence, J^f can be regarded as a metric subspace of M. Let then 
J€'f be the closure of J^f in the topology of M. In this way, whenever the sequence of /- 
invariants of a given sequence of knots converges in M, then the corresponding sequence 
of equivalence classes of the knots converges in J{ff. We call the latter limit a hyperfinite 
knot ((it]). 

One way of implementing these ideas is via the CJKLS invariant of knots ([[li 0]). 
There is a CJKLS invariant for each choice of labeling quandle X, abelian group A, 
and 2-co-cycle ^ in H^{X,A). Furthermore, the CJKLS invariant is a sum-over-states, 
where the states are the colorings of the knot under study by the labeling quandle X, 
and the for each coloring the 0's are evaluated at each crossing of the knot diagram and 
then multiplied. Since the CJKLS invariant takes on values on the group-algebra of the 
abelian group A, we embed it in the euclidean space rI'^', thereby obtaining an invariant 
taking on values in a complete metric space. We then take logarithms of each coordinate, 
obtaining what we call the free energy invariant, and then by dividing by the crossing 
number we obtain what we call the free energy per crossing. We were clearly inspired 
by Thermodynamics and by Statistical Mechanics of Exactly Solved Models ([i3i,|4J). 



HYPERFINITE KNOTS WHOSE FREE ENERGIES PER 
CROSSING EQUAL THE NULL VECTOR 



Specifically, a quandle is an algebraic structure i.e. a set, X, endowed with a binary 
operation, *, such that for all a,b,c e X: 

• a*a = a; 

• there is a unique x EX s.t. x*b = a; 

• {a*b) * c = {a* c) * {b* c) 

Any group with conjugation as the * operation is a quandle. The ring of Laurent 
polynomials on the variable T, with integer coefficients, Z[T,T^^], endowed with the 
operation a*b = Ta + {I — T)b is also a quandle. Quotients obtained by factoring this 
quandle by certain ideals in the ring of Laurent polynomials are finite quandles called 
Alexander quandles. Any knot (oriented) diagram provides a quandle by regarding the 
arcs of the diagram as generators and reading relations at the crossings of the sort 
under-arc * over-arc equals under-arc where the co-orientation at the over-arc points 
to the under-arc that receives the product. Moreover this quandle is invariant under the 
Reidemeister moves thus constituting a knot invariant called the knot quandle. Upon 
fixing a finite quandle X the number of homomorphisms (also known as colorings) from 
the knot quandle to the finite quandle X is also a knot invariant. This invariant is referred 
to as counting colorings. An assignement of elements of X (colors) to the knot quandle 
is a homomorphism if at the crossings the colors assigned to the arcs satisfy the same 
relations as the arcs do. One efective way of finding colorings of a knot by a given finite 
quandle X resorts to braids ([6]). Any knot can be represented by the closure of a certain 
braid so we assign colors to the strands at the top of the braid (the input colors) whose 
closure yields the knot under study. These colors propagate down the braid giving rise 
to knew colors as one goes past each crossing and eventually obtaining a new string of 
colors on the strands at the bottom of the braid (the output colors). If this assignment is 
a coloring then the string of colors at the top equals the string of colors at the bottom, 
otherwise it is not a coloring. In some way, the braid acts on the input colors to produce 
the output colors; if the output colors match the input colors then these input colors 
stand for a coloring, otherwise they do not stand for a coloring. We will assume that 
the finite labeling quandles we will be using are all Alexander quandles. Furthermore, 
we use the Burau representation ([|6|]) to perform the calculations. The braid group on 
strands, B/^, is generated by the so-called standard generators, a,-, z = 1, . . . ,A'^ — 1 
d^). Geometrically, cr, is the (z + l)-th strand going over the z'-th strand. In the Burau 
representation the standard generators are mapped to matrices over the ring of Laurent 
polynomials in the variable T as follows: 



<7; I — 'li-l 



T 

1 1-r 



Then the action of the braid on the input color plus the matching against the input we 
referred to, translates into the "eigenvector" equation 



(aia2 ... aM)B{b) = {aia2 ■ ■ ■ a^) 



where ai,i= I,. . .,N are the colors from the Alexander quandle X and B{b) is the Burau 

matrix of the braid b = O-^^ O-^^ whose closure yields the knot under study. If the 

equality holds then (aj, . . . ,aj^) stands for a coloring, otherwise it does not stand for a 
coloring. Moreover, note that the equality is understood in the quotient corresponding to 
the Alexander quandle we are dealing with. 

As sets, these Alexander quandles are finite. Moreover, they have a ring structure 
induced by addition and multiplication of polynomials. For a given positive integer A^, 
the ring of N x N matrices with entries from one of these Alexander quandles is thus 
also finite. Since each Burau matrix, say B, is invertible, then it has finite order i.e., there 
is a (positive) integer M such that is the identity matrix. 

Given a knot and a braid b E B^/ whose closure yields ^i, consider the sequence 
of knots given by = b'\ where 77? denotes "closure". When coloring the knots from 
this sequence with an Alexander quandle, we write down the "eigenvector" equation as 
above: 

{aia2 ■ ■ . ai^){B{b)) ={a\a2.-.aM) 

for knot Kn and where B{b) is the Burau matrix for b in the appropriate quotient. Since 
there is an M such that B{b)^ is the identity matrix, then there is periodicity in the 
colorings of the knots of this sequence, in particular, in the sense that there are only M 
distinct sets of eigenvectors for this sequence of knots. Moreover there are at most M 
distinct distributions of colors per arcs over any M consecutive factors of b". Also, for 
a fixed b'\ suppose n = IM + r; there are I identical coloring patterns followed by the 
coloring pattern associated to the b' . 

This periodicity issue was first discussed in Jsl] if only for some sequences of torus 
knots. We are now claiming it in more generality, both for all Alexander quandles and 
not only for the particular case of sequences of torus knots. 

Now assume that an abelian group A and a 2-co-cycle ^ have been chosen besides the 
Alexander quandle X. Let |A| stand for the cardinality of A and let M be as above i.e., 
B{b)^ is the identity matrix. Given a positive integer n let 

n = lM\A\+r withO<r<M|A| 

We let c{b'^) denote the set of crossings of b"^ and 1^ denote the identity in the group A. 
The CJKLS invariant of K,^ = b" then reads 

/ \ m 

z{b")= I U ^''= L [ U ^'^'] U ^'' = 

ai,...,aNeXx^c{V) a^,...,aN^x\T:^c(b'^) ) Tec(fo') 

S.t. ... S.t. ... 

= I ff n A \ -w^''= I n 

ai,...,aMeX\\T:^c{bM) ) J lecif) ai,...,aNeX Tecif) 



E n * 

au--;aMeXT&c{b'') 

s.t. ... 



The dots next to s.t. and under ai,...,aN € X stand for the conditions the a, have 
to satisfy in order to stand for colorings; these conditions stem from the eigenvector 
equation and there are at most M distinct conditions. Since < r < M\A\ then there are 
at most M|A | different values of the CJKLS invariant for this sequence of knots K„ . Since 
we regard the CJKLS invariant as taking on values in the euclidean metric space M}^^ 
then the sequence of the CJKLS invariant for is bounded and so is the sequence of 
the free energies for this sequence of knots. If the crossing number of K„ goes to infinity 
as n goes to infinity then the free energy per crossing of this sequence of knots goes to 
the null vector. 



EXAMPLE 

Fix a positive integer A^^ and consider the sequence of torus knots {T{N^ ")) neN" ^^^^ 

T{N,n) = (^ON-lON-2---<y2(yi^ 

Moreover the crossing number of r(A^, n) is 

min{|A^|(|n|-l),|n|(|A^|-l)} 

([0]) which tends to infinity as n tends to infinity. Thus, the sequence of the free energies 
per crossing from a CJKLS invariant with an Alexander quandle as labeling quandle, for 
a sequence of torus knots as the one indicated tends to the null vector thereby giving rise 
to a hyperfinite knot. 
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